We explore the potential of versatile and efficient entangled photon pair generation by spontaneous parametric downconversion in Bragg reflection waveguides. By employing a quantum treatment of modes in channel waveguides, and by accounting for group velocity dispersion in the modes, the quantum state of the generated biphotons is realistically calculated. The pair production rate is predicted to reach 4 × 10 8 pairs ∕ s ∕ nm ∕ mW of pump light in a 2 mm-long structure, on par with or exceeding the performance of previously reported designs. This is attributable to an enhanced nonlinear interaction through tight mode confinement in the waveguide. Strategies for device performance optimization and phase matching wavelength tunability are outlined and numerically demonstrated. The proposed design platform is versatile and allows photon pair generation with controllable flux, bandwidth, Schmidt number, and degree of polarization entanglement. The possibility of monolithic integration with a diode laser pump offers a way to design an electrically pumped entangled photon source.
INTRODUCTION
Ongoing progress in quantum optical communication and information processing depends crucially on the availability of reliable, high-performance, versatile, and compact sources of entangled photon pairs. To this end, spontaneous parametric downconversion (SPDC) is widely employed because the generated photons are far away in frequency from both pump and Raman scattered photons, thus allowing operation at room temperature. However, conventional bulk-crystal SPDC suffers from low generation rates and collection efficiencies. To remedy this, waveguided SPDC sources are now in development, with improved performance due to tight lateral confinement of the waveguide modes [1] . Tightly confined waveguide modes are also more suitable for coupling into photonic circuits. Efficient photon pair generation has been achieved in periodically poled LiNbO 3 (PPLN), KTiOPO 4 (PPKTP), and LiTaO 3 (PPLT) waveguides [2] [3] [4] .
A further improvement on this technology and its application to large-scale quantum information processing would be the ability to integrate photon pair sources with pump lasers and other optical components on a single chip. Although there has been considerable progress in the design of on-chip quantum interference circuitry [5] [6] [7] , these designs still depend on an external entangled photon source, so bringing it onto the chip would be a timely advance for photonic quantum technologies. In this respect, Al x Ga 1−x As is a particularly promising integration platform due to its large second-order nonlinearity, broad transparency window, good thermal conductivity, mature fabrication technology, and the possibility of monolithic integration with diode lasers, unlike LiNbO 3 or KTP.
Although Al x Ga 1−x As lacks natural birefringence due to its zincblende crystal structure, exact phase matching (PM) in χ 2 -nonlinear processes can be achieved in Bragg reflection waveguides (BRWs) where downconverted (fundamental) modes are guided by total internal reflection and pump (second-harmonic) modes are guided by the Bragg mirrors in the cladding [8] . As these guiding mechanisms are largely independent, superior control over mode properties can be exerted, so that nonlinear mode coupling can be improved [9] and the dispersion of the modes can be manipulated [10] . Efficient frequency conversion processes, such as second-harmonic generation (SHG) [11] , sum frequency generation [12] , and difference frequency generation [13] , have been demonstrated in recent experiments. A diode laser monolithically integrable into a BRW and capable of lasing into the Bragg-guided modes was also demonstrated [14] , and using BRWs for SPDC with controlled bandwidth of the downconverted photons was proposed [10] .
A conventional semiclassical description of downconversion processes [15] is faced with several limitations when applied to waveguides employing highly dispersive materials such as Al x Ga 1−x As, as the dispersion can significantly modify the quantum state of generated light across the operating bandwidth. Also, most semiclassical treatments can become inaccurate at pump intensities beyond low pair generation rates. To utilize the full potential of the compound semiconductor platform for entangled photon generation, an accurate quantum formalism is needed, which allows determination of the state of generated photons realistically in high-efficiency processes and in the presence of both material and modal dispersion. Such a formalism for channel waveguides was developed recently [16] and applied to quasi-PM optical fibers [17] .
In this paper, we theoretically study the entangled photon pair generation by SPDC in a BRW structure previously optimized for SHG [11] . The full Hamiltonian treatment we present, with an account of group velocity dispersion in the waveguide modes, is expected to result in a realistic prediction of generated entangled photon properties, especially in waveguides made of highly dispersive materials such as Al x Ga 1−x As operating close to its band gap. Using numerically obtained pump and downconverted mode properties, we calculate the biphoton wave function (BWF) and indicate the limits on the applicability of this calculation due to waveguide losses. Within these limits, a quantitative prediction of the pair generation efficiency in BRWs can be made. It surpasses integrated topside-pumped Al x Ga 1−x As structures [18] [19] [20] and is on par with or better than other waveguide devices [2, 3] . Along with the generation rate, the Schmidt number (SN) for the generated biphotons is calculated, characterizing the entanglement in the biphoton states. A further improvement in efficiency is shown to be possible by varying the geometry and composition of the core. Finally, we quantitatively examine the tuning mechanisms and tuning ranges of the PM wavelength, λ PM , through carrier injection and ambient temperature [21] . The results provide clues for optimizing entangled photon generation in new integrated designs.
The paper is organized as follows. Section 2 reviews the quantum Hamiltonian treatment of SPDC in channel waveguides. Section 3 follows with calculation results. The performance of the proposed entangled photon source and the properties of generated biphotons are discussed. In Sections 4 and 5, device optimization (via variation of structured-core parameters) and tunability (using thermal and carrier injection mechanisms) are further explored. Section 6 summarizes the paper.
SPDC IN BRAGG REFLECTION WAVEGUIDES
We consider a 2 mm-long structured-core BRW (Fig. 1) optimized for efficient SHG [11] , reasonably expecting a high efficiency in the reverse process (i.e., SPDC) as well. In such a channel waveguide, SPDC can be described by the approach of Yang et al. [16] extended to account for polarization [17] . The nonlinear coupling Hamiltonian is
where the Greek subscripts denote polarization components x; y; z in the lab frame; c σk ≡ a 
Here, ϕk defines the (normalized) pump pulse envelope function in k-space, and ϕ αβ k 1 ; k 2 ϕ βα k 2 ; k 1 is the biphoton wave function (BWF) associated with a photon pair with wavenumbers k 1 and k 2 and polarizations α and β, respectively, with ν set so that [16, 17] 
Provided that the dispersion relations for the modes kω are simple enough to allow one-to-one correspondence between wavenumber and frequency, we can redefine the ladder operators for the photons labeled by the frequency as c σω ≡ c σkω dk
, introducing the BWF in frequency space as
to ensure proper normalization. With this in mind and appropriate approximations (see details in [16] ), the expression for jνj 2 is
and in the limit jνj ≪ 1, jνj 2 is the probability of pair generation per pump pulse. Hereχ 2 andn are reference values of nonlinearity and refractive index (the actual values at different spatial points in the structure are accounted for when calculating the nonlinear interaction area A eff [16] ), and v σ m are the mode group velocities. One can show that if both the pump and the PM have a narrow bandwidth compared to the operating pump frequency, Eq. (5) coincides with the semiclassical expression [15] . The quantity jνj 2 ∕ jμj 2 has the meaning of the expectation value for the number of generated pairs per pump photon for jνj ≪ 1 and characterizes the efficiency of the entangled photon source.
The BWF in frequency space takes the well-known form [22, 23] 
where Δk
is defined by the PM conditions. We consider both type-I and type-II PM, corresponding to copolarized and cross-polarized photons in a pair, respectively, and producing biphotons with polarization entanglement in the latter case. The mode dispersion relations around the PM frequency are taken as
Here ω F0 2πc ∕ λ PM , where λ PM 1550 nm is in the telecommunication range, and ω S0 2ω F0 is the center pump frequency. Taking into account the group velocity dispersion in the normalization of the modes allows for a realistic treatment of structures made of materials operating close to their band gap and therefore having significant material dispersion, such as AlGaAs. The coefficients in Eq. (7) can be determined by fitting the function kω obtained numerically from a full-vectorial commercial mode solver [24] . For type-I PM (γ y, α β x) in our structure v 
PROPERTIES OF GENERATED BIPHOTONS
We begin the analysis of the properties of generated photon pairs by calculating the generation efficiency, jνj 2 ∕ jμj 2 , as given by Eq. (5). It is important to note [16] that if we had neglected the effects of group velocity dispersion in the normalization of the modes, we would have overestimated its value by about 28%.
For the more efficient type-II PM process, the efficiency is jνj 2 ∕ jμj 2 2.54 × 10 −7 , which is independent of the pump pulse duration if it is longer than about 1.5 ps. For 1.8 ps pump pulses with internal power of 0.01 mW and repetition rate of 76 MHz, this corresponds to about 0.13 photon pairs per pulse or 4.2 × 10 8 pairs ∕ s ∕ nm per mW of the pump. Taking into account the large bandwidth of downconverted signal (94 THz), the spectral brightness of the downconverted signal is 10.5 pairs ∕ s ∕ mW ∕ MHz.
The type-I PM process is about three times less efficient because of a worse mode overlap for the TM-polarized pump [11] . The calculated efficiency is jνj 2 ∕ jμj 2 0.78 × 10 −7 or 1.3 × 10 8 pairs ∕ s ∕ mW ∕ nm (about 0.04 pairs ∕ pulse) for the same pump pulses. It has a comparable but slightly narrower SPDC bandwidth (89 THz) and proportionally smaller spectral brightness (3.4 pairs ∕ s ∕ mW ∕ MHz). We note that a large spectral bandwidth of downconverted photons can be beneficial if the proposed source is used in quantum optical coherence tomography [25, 26] .
In this theoretical description the waveguide is assumed to be completely lossless. In practice, both the pump and the downconverted modes are subject to losses, chiefly by two processes: one is the leakage of light out of the waveguide due to imperfect confinement (radiation losses), mainly in the Bragg modes. The other is the scattering of light due to surface roughness (scattering losses). Losses are more significant in Bragg modes (pump), where leakage losses can vary widely [between 5 and 50 dB ∕ cm depending on many parameters including the Bragg stack confinement and the value of the etch depth D in a two-dimensional (2D) ridge]. Scattering losses, however, vary less than their leakage counterparts and are found to range between 2 and 10 dB ∕ cm [27] . If the lower values of these ranges are to be used as a guide, the pump mode losses will only result in a reduction of the pair generation efficiency by 30-50% in a 2 mm-long waveguide. But excessive pump losses, in the range of 50-100 dB ∕ cm, could modify the effective length of the sample, while maintaining a lower but nonzero rate of photon pair generation.
Losses in the downconverted, index-guided modes are more detrimental because the loss of one of the twin photons renders the pair unusable. Fortunately, with proper waveguide design, radiation losses in these modes are insignificant. Scattering losses can be made small as well. Recent results in upconversion experiments [11] show that they could be made below 8.5-9.5 dB ∕ cm. By assuming that the expected probability of preserving both photons in a pair falls off with the propagation distance z as P ∼ exp−2αz where α is the loss coefficient, we find that a probability greater than e −1 of a pair being preserved holds for losses up to 10-11 dB ∕ cm. Higher downconverted mode losses will require a more involved extension of the theory. Also noteworthy is that the imaginary parts in the propagation constants k S;F are not detrimental to PM for losses up to 10 3 dB ∕ cm. Owing to a high degree of confinement of optical modes in the waveguide and the enhanced nonlinear interaction between the modes due to the presence of MLs, the calculated pair production figures are very high for a broadband (i.e., non-cavity-enhanced) entangled photon source. In terms of efficiency, the proposed device is expected to surpass counterpropagating photon pair sources based on multilayer Al x Ga 1−x As structures with unguided topside pumping [19, 20] by 4 orders of magnitude. The proposed source also outperforms waveguide devices based on PPLN [2] and PPKTP [3] , and is on par with recently introduced nanophotonic PPLN waveguides with tight confinement [28] where the generation rate of 4.8 × 10 10 pairs ∕ s ∕ mW ∕ nm was theoretically predicted in a 10 mm-long structure. At higher internal pumping powers of 10 mW (which is still realistic in experiments), the proposed device will generate ∼10 10 pairs ∕ s, approaching the values predicted for electrically pumped quantum-well sources relying on a stronger process of stimulated two-photon emission [29, 30] .
It is instructive to compare the proposed BRWs with other Al x Ga 1−x As-based structures with guided pump modes (collinear propagation of pump and downconverted photons). One example is the previously reported structures with modal PM between lowest-order and higher-order modes guided by the same mechanism (total internal reflection) [31, 32] . Simulated under the same condition as the proposed design, these structures offer even higher generation rates (by 3-4 times in type-I PM and by 5-7 times in type-II PM). However, the BRWs in our study have the advantage of offering exact PM between the lowest-order modes for both pump (propagating as a photonic band-gap mode) and downconverted photons (propagating due to total internal reflection). This facilitates the maximum mode interaction power available for the downconversion process. In contrast, a modal PM scheme employing higherorder index-guided modes can inherit higher propagation losses due to a slower exponential tail falloff than the fundamental Bragg-guided mode.
As seen from Eq. (6) and Fig. 2 , the generated photons are strongly anticorrelated in frequency and the BWF is rather long and narrow in shape. The "width" Δ (defined as the biphoton probability density FWHM along the line ω 1 ω 2 ) is influenced, on the one hand, by the bandwidth σ of the pump ϕω 1 ω 2 exp−ω 1 ω 2 − ω S0 2 ∕ σ 2 , and on the other hand, by the group velocity mismatch (GVM)
39156 is the root of sinc 2 s 1 ∕ 2. The "length" Δ − (i.e., the probability density FWHM along the line ω 1 ω 2 2ω 0 , which is also related to the SPDC bandwidth) is determined by the sample length and the group velocity dispersion of the downconverted mode. For the type-I PM, its value is
For the type-II PM, there is a nonzero GVM between the TEand TM-polarized downconverted biphotons (δ 0
, slightly increasing the value of Δ − :
Note that this GVM was not present in previously studied entangled photon generation in periodically poled fiber [17] , where the modes are degenerate with respect to polarization due to axial symmetry. Such a marked anticorrelated character of generated biphotons essentially results from v S < v x F ≈ v y F , motivated by the focus of the present design on maximizing the strength of nonlinear mode interaction and pair generation efficiency. The versatility of the design platform, based on the independent waveguiding mechanisms for the pump and downconverted modes, allows more possibilities of controlling the BWF character. In general, the sinc function in Eq. (6) has its main lobe oriented in the ω 1 ; ω 2 -plane at an angle given by tan
F , the sinc function would be perpendicular to the pump function in Eq. (6) . Selection between correlated, uncorrelated, and anticorrelated photons could then be made by varying the pump bandwidth, similar to what was suggested earlier [33] for quasi-PM in BRWs.
The main challenge of achieving this property in the proposed design, which does not involve the costly process of structuring the core in the z-direction, is to have a sufficiently large v x F − v y F . This can be achieved by patterning the core on a subwavelength (∼10 nm) scale, thus introducing artificial birefringence. We note that this subpatterning is compatible with Al x Ga 1−x As fabrication processes because they allow the Al concentration x, and hence the refractive index, to vary on a much finer scale than the typical layer thickness in a Bragg mirror. The group velocity of Bragg-guided modes (v S ) can also be controlled by tailoring the Bragg cladding parameters, for example, by violating the quarter-wave condition commonly assumed in the claddings of BRWs.
The SPDC bandwidth could also be reduced by using the proposed structure in a cavity-enhanced configuration, such as by fabricating the waveguide in the form of a microring [34] . In addition to making the downconverted photons less strongly anticorrelated, which would be useful for heralding applications [35] , the enhanced generation efficiency at ring resonances would further increase the spectral brightness of the proposed source there.
The degree of entanglement for the generated biphotons can be characterized by the Schmidt decomposition [36] ϕ αβ k 1 ; k 2 P n p n p χ nα k 1 χ nβ k 2 , where p n are eigenvalues of the matrix ρ αβ k 0 k R ϕ αβ k 0 ; k 00 ϕ αβ k; k 00 dk 00 , with P n p n 1. The quantity
is called the Schmidt number (SN) [36] . It is greater than unity in the presence of entanglement. It is rather common to approximate the real BWF with a 2D Gaussian with FWHMs Σ [18, 23] , in which case the SN is given by
The FWHMs of the BWF Σ are closely related to the corresponding FWHMs of the biphoton probability density Δ as Σ Δ 2 p and
167Δ − , where s 0 is the root of sincs 1 ∕ 2. Figure 2(c) shows the dependence of the estimated versus numerically calculated SN on the pump pulse duration τ. For τ > 3 ps, both K and K a depend linearly on τ with good coincidence. The slope of K a slightly exceeds that of K because sincω 2 ΛL ∕ 2 has a flatter variation than a Gaussian with the same FWHM. For τ < 1.5 ps, σ becomes so large that the BWF includes sidelobes of the sinc function in Eq. (6) . The effective value of Δ − becomes larger than what Eq. (9) predicts, so K deviates from K a and increases again. Between the two trends, where σ 2 ln 2 p ≃ 4s ∕ Lδ v , i.e., for τ ≃ 2 ps, there is a minimum in the SN. At the minimum, K ≃ 75. A particularly promising regime would be the generation of completely separable photons, which involves reducing K towards unity. From the previous results, it is expected that both reducing the BRW ridge width W [10] and using BRW-based microrings [35] should be capable of achieving this regime.
Turning to specific applications, we examine how well the generated biphotons are suited for time-bin entanglement in type-I PM and for polarization entanglement in type-II PM. In the former, the goal is to create one pair per pump pulse as often as possible, while at the same time avoid creating more complicated output (such as four-photon states). The relevant figure of merit would be the "cost" of such generation in the form of the energy of a pump pulse required to achieve a predefined jνj 2 < 1. For the structure under study, this energy equals 4 pJ times the target value of jνj 2 , i.e., 0.4 pJ for jνj 2 0.1. Polarization entanglement is more complex. Asymmetry between TE-and TM-polarized downconverted photons causes each component of the BWF ϕ xy to be asymmetric with respect to λ PM [ Fig. 2(b) ]. While the condition ϕ xy ω 1 ; ω 2 ϕ yx ω 2 ; ω 1 always holds, the condition
is satisfied only approximately [see Fig. 2(b) ]. Hence the state of generated biphotons will deviate from a polarization entangled state in which no information about a photon polarization can be inferred from its spectral properties. A corresponding figure of merit can be introduced as [37] G 2
where the factor of 2 results from the chosen normalization condition (3). If Eq. (12) holds, G attains its maximum value of 1. The resulting value for the structure under study is G 0.65, which means that mild spectral postfiltering is required to use the proposed source for cryptographic purposes. Increasing the pump pulse duration would also increase G (see [22] ), as would any method of reducing the GVM parameter δ 0 v . The latter can be achieved by choosing an appropriate relation between the ridge width W , the total core thickness for the downconverted modes [38, 39] , and the cladding parameters. The possibility of introducing form birefringence in the selected layers by subwavelength index modulation provides an additional degree of freedom.
PARAMETER OPTIMIZATION
So far we have focused on the structure presented in Fig. 1 , which was optimized for efficient SHG [11] . The design of this structure was obtained as a result of optimization of structured-core parameters, in particular, the Al concentration and thickness of the core and MLs [9] . It was shown that these parameters affect both the nonlinear efficiency and the mode dispersion properties, and hence can be used as additional degrees of freedom to optimize or control the properties of SPDC.
Here we analyze the dependence of several properties of biphoton generation on Al concentration in the core (x c ) and MLs (x m ). The core thickness t c is kept constant at 500 nm. The ML thickness t m is chosen so that the Bragg mirrors remain quarter-wave for the pump mode [9] .
The SPDC bandwidth uniformly broadens for smaller x c and larger x m from 85 THz at x c 0.66, x m 0.18 to 95 THz at x c 0.55, x m 0.25 for type-I PM. For type-II PM there is a similar change from 90 to 99 THz. This result is associated with the dependence of Δ − on the group velocity dispersion Λ F [see Eqs. (8) and (9)], which in turn depends on x c and x m . These dependencies are consistent with previous results on SHG in slab BRWs [9] .
The biphoton generation efficiency undergoes a rather uniform increase as x m decreases (in practice limited by absorption losses below x m 0.18), as seen in Fig. 3 . This is associated with bringing the operating point of the device closer to the band gap in Al x Ga 1−x As, which increases its effective nonlinearity. The dependence on x c is generally nonmonotonic with optimal values of x c in the range of 0.58 to 0.6. Throughout the parameter range, type-II SPDC remains about three times more efficient than type-I. The dependence for spectral brightness follows that for the efficiency, given that the variation in the generation bandwidth is uniform and relatively minor.
The increase in the biphoton generation rate is accompanied by a moderate increase of the SN by about 30-40% (Fig. 4) . Changing the ridge width, on the other hand, was shown to alter the bandwidth of generated biphotons, and hence the SN, very significantly [10] . In agreement with Fig. 2(c) , the type-II SN is slightly higher than the type-I.
The energy cost of producing a pair per pump pulse with probability 10% (the time-bin entanglement figure of merit) was found to vary between 0.3 and 0.8 pJ of internal pulse energy with the dependence very similar to that depicted in Fig. 3(a) . The optimal parameters are achieved at x c ≃ 0.59 and x m < 0.2. Finally, the factor G given by Eq. (13) was found to range between 0.6 near the optimum generation region to 0.75 away from it. In the class of structures studied here, photons from a brighter source need more spectral filtering to be utilized in practical quantum cryptography schemes relying on polarization entanglement.
TUNING MECHANISMS
The Al x Ga 1−x As fabrication platform can be subject to both thermally and electrically induced tuning [21] . Changing the ambient temperature causes a shift in the refractive indices of all the layers in the structure, accounted for by the Gehrsitz model [40] . Figure 5(a) shows the resulting linear shift in λ PM of about 0.11-0.12 nm ∕ K in both type-I and type-II PM. Figure 6 (a) indicates that the pair production rate increases with temperature, but very slightly. This makes thermal tuning a suitable compensation mechanism to counteract an operational wavelength shift due to fabrication imperfections or changes in the environment.
For carrier injection tuning, which relies on the dependence of the refractive index of AlGaAs on free carrier concentration, the structure could be doped with a p-i-n profile. The intrinsic region (in our case, the core and MLs) becomes the volume where carriers are injected if the resulting p-i-n transition is forward biased [21] . We assume the refractive index to shift by Δn −1.2 × 10 −20 cm 3 N, where N is the carrier concentration ranging from 10 18 cm −3 up to 10 19 cm −3 . In this case [ Fig. 5(b) ], λ PM changes more noticeably and depends on N in a nonlinear fashion, shifting by 30 nm for N 4 × 10 18 cm −3 . It is seen that the pair production rate tends to decrease for greater carrier densities [ Fig. 6(b) ] but the changes become significant only for N > 3 × 10 18 cm −3 . Note that type-I and type-II tuning curves cross just below N 3 × 10 18 cm −3 . Thus, carrier injection can exert control not only over λ PM itself but also over how the two different channels of SPDC are manifest in the same structure. This can be used in applications involving multiple-channel SPDC [41] .
We recall that downconverted mode losses need to remain below 10-11 dB ∕ cm for the presented results to be valid; see the discussion in Section 3. This may no longer hold for some device configurations. For example, if carrier injection is used for tuning the PM condition, free carrier absorption will take place and eventually limit the tuning range. As determined from recent measurements for BRW lasers, which also use doped AlGaAs layers, overall mode losses there can rise to be in the range of 20-25 dB ∕ cm [14, 42] . 
CONCLUSION
In conclusion, we have applied a quantum description of SPDC to BRWs. We have demonstrated that BRWs can act as versatile and high-performance sources of entangled photon pairs in the telecommunication wavelength range. The source can be monolithically integrated with a laser diode pump, as well as with other components on an Al x Ga 1−x As optical chip. The predicted generation rate in a 2 mm-long structure is up to 4 × 10 8 pairs ∕ s ∕ mW ∕ nm, or a few pairs per pump pulse with internal energy as low as 1.5 pJ. The device is based on existing state-of-the-art fabrication techniques [11] and is experimentally realizable. A very recent paper [43] has indeed reported an experiment showing photon pair generation in a BRW.
